Using suitable Monte Carlo methods and finite-size scaling, we investigate the Blume-Capel model on the square lattice. We construct percolation clusters by placing nearest-neighbor bonds between vacancies with a variable bond probability p b . At the tricritical point, we locate the percolation threshold of these vacancy clusters at p bc = 0.706 33͑6͒. At this point, we determine the fractal dimension of the vacancy clusters as X f = 0.1308͑5͒Ϸ21/ 160, and the exponent governing the renormalization flow in the p b direction as y p = 0.426͑2͒Ϸ17/ 40. For bond probability p b Ͼ p bc , the vacancy clusters maintain strong critical correlations; the fractal dimension is X f = 0.0750͑2͒Ϸ3 / 40 and the leading correction exponent is y p = −0.45͑2͒Ϸ−19/ 40. The above values fit well in the Kac table for the tricritical Ising model. These vacancy clusters have much analogy with those consisting of Ising spins of the same sign, although the associated quantities and magnetization m are energylike and magnetic quantities, respectively. However, along the critical line of the Blume-Capel model, the vacancies are more or less uniformly distributed over the whole lattice. In this case, no critical percolation correlations are observed in the vacancy clusters, at least in the physical region p b ഛ 1.
I. INTRODUCTION
In the development of the theory of tricritical phenomena, a spin-1 Ising model known as the Blume-Capel ͑BC͒ model has played an important role. This model was introduced by Blume and Capel ͓1, 2͔ , and the reduced Hamiltonian reads
where the sum ͗ ͘ is over all nearest-neighbor pairs of lattice sites. The spins assume values ±1 and 0, and those in state 0 are referred to as vacancies. The abundance of the vacancies is governed by the chemical potential D, which is also termed the crystal field parameter. The phase diagram for Eq. ͑1͒ is sketched in Fig. 1 . For D → −ϱ, the vacancies are excluded, and the model ͑1͒ reduces to Onsager's spin-1 2 model ͓3͔. The critical coupling K c ͑D͒ is an increasing function of D. For sufficiently large chemical potential, the transition becomes first order and separates the vacancydominated phase from the ordered phase dominated by plus ͑+1͒ or minus ͑−1͒ spins. At the joint point, these three coexisting phases simultaneously become identical, and this point is called ͓4͔ the tricritical point, denoted as ͑K t , D t ͒ in Fig. 1 . In two dimensions, the nature of critical singularities of the BC model is now well established. For the special case D → −ϱ, the free energy has already been exactly obtained by Onsager ͓3,5͔. The universal thermal and magnetic exponents are y t = 1 and y h = 15/ 8, respectively; these values hold for the whole critical line as follows from universality arguments. At the point ͑K t , D t ͒, universality also predicts that the critical exponents are those exact results obtained by Baxter for a hard-square lattice gas ͓6,7͔. These exponents can also be obtained in the context of the Coulomb gas theory ͓8,9͔ and of the conformal field theory ͓10,11͔.
According to the latter theory, there exist universality classes characterized by an integer m = 2,3,… . The associated critical exponents are determined by quantities ⌬ p,q defined by
This equation is known as the Kac formula. The critical dimension X k of the kth observable operator ͑energy, magnetization, etc.͒ satisfies X k = ⌬ p k ,q k + ⌬ p k Ј,q k Ј . If the observable is rotationally invariant, the above primed and unprimed labels are equal and one can explicitly write X k = X p k ,q k . For systems with open surfaces, the number ⌬ p,q can also correspond ͓12-15͔ to critical dimensions of surface operators. We mention that, in two dimensions, the surfaces are just onedimensional edges. Ͻ q Ͻ m + 1 form a closed operator product algebra, so that critical behavior of physical quantities is described by the numbers in this grid.
The integers m = 3 and 4 correspond to the critical and the tricritical Ising model in two dimensions, respectively. The thermal and magnetic dimensions of the critical Ising model can be identified as X t = X 2,1 and X h = X 2,2 . The dimension of the second-leading thermal scaling field is X 3,1 = 10/ 3, which could, in principle, appear in corrections to scaling. However, since X 3,1 sits outside the closed unitary grid, the number X 3,1 cannot be observed in thermodynamic quantities. This has been numerically confirmed in Ref. ͓17͔ . For the tricritical Ising model ͑m =4͒, the first-, second-, and thirdleading thermal dimensions are identified as X t1 = X 1,2 =1/5, X t2 = X 1,3 =6/5, and X t3 = X 1,4 = 3; the last one accounts for corrections to scaling. The magnetic exponents can be interpreted as y h1 =2−X m/2,m/2 = 77/ 40 and y h2 =2−X m/2,͑m−2͒/2 =9/8 ͓18͔. For later convenience, the numbers generated by the Kac formula ͑2͒ are listed in Tables I and II for the  critical and the tricritical Ising model, respectively. Although the numbers outside the closed unitary grid have no thermodynamic analogs, they can still describe critical singularities concerning geometric properties of critical systems. In order to demonstrate this point, we consider the random-cluster representation ͓19-21͔ of the Blume-Capel model ͑1͒, i.e., percolation clusters are constructed between Ising spins of the same sign by placing nearest-neighbor bonds with probability p b ͑KF͒ =1−exp͑−2K͒. These clusters are known as the Kasteleyn-Fortuin ͑KF͒ clusters ͓19-21͔.
They have hull-cluster scaling dimensions X H ͑m =3͒ = X 0,1 =1/3 in Table I and X H ͑m =4͒ = X 1,0 =3/5 in Table II . These critical KF clusters have the so-called red-bond exponent as y p =2−X 0,2 = 13/ 24 for the critical Ising model and y p =2 − X 2,0 = −19/ 40 for the tricritical model. This exponent is related to the bond-dilution field and reflects the "compactness" of the critical KF clusters. A remarkable feature is that the bond-dilution field is irrelevant for the tricritical Ising model. This means that tricritical KF clusters are so compact that their critical properties are not qualitatively influenced by removing or adding a small fraction of bonds. This has been used to explain the observation that the backbone exponent of the tricritical Ising model is equal to the magnetic exponent ͓22͔.
Motivated by the observation that the red-bond exponent satisfies y p Ͻ 0 at tricriticality, a number of investigations concerning the geometric properties of the percolation clusters in the Blume-Capel model have been carried out ͓23,24͔. So-called geometric clusters were constructed between Ising spins of the same sign with a variable bond probability 0 ഛ p b ഛ 1. Thus, for the special case p b =1−e −2K , geometric clusters reduce to KF clusters. In addition to the randomcluster fixed point p bc ͑KF͒ , another fixed point, named the geometric-cluster fixed point, was found for both the critical and the tricritical Ising models ͓23͔. For the critical Ising model, the bond probability at the geometric-cluster fixed point is larger than p bc ͑KF͒ . From an exact mapping ͓25͔, the point can be shown to correspond to the tricritical q = 1 Potts model. Thus, the fractal dimension is equal to X f ͑g͒ = X m/2,m/2 = X 3/2,3/2 = 5 / 96, and the red-bond exponent at p bc ͑g͒ is y p =2 − X 2,0 = −5 / 8 in Table I . Note that X 3/2,3/2 and X 2,0 can be interpreted as the magnetic and red-bond scaling dimensions of the tricritical q = 1 Potts model, respectively. For the tricritical Blume-Capel model on the square lattice, the geometric-cluster fixed point was found at p bc ͑g͒ = 0.6227͑2͒, apparently smaller than the random-cluster fixed point p bc ͑KF͒ Ϸ 0.962 609 99. The fractal dimension and the red-bond scaling dimension were determined ͓23͔ as X f ͑g͒ = 0.1311͑5͒ and 0.4254͑6͒, which can be identified as X ͑m+1͒/2,͑m+1͒/2 = X 5/2.5/2 = 21/ 160 and X 0,2 in the Kac Table II , respectively. The corresponding renormalization flow is sketched in Fig. 2 . In the present work, we address the question: what sort of clustering phenomena exist between vacancies in the twodimensional Blume-Capel model? In particular, at tricriticality, one may expect to observe critical singularities concerning the geometric distributions of the vacancies, because, in addition to the magnetization, the vacancy density can also be regarded as an independent order parameter.
The organization of the present paper is as follows. Section II briefly reviews the random-cluster representation of the Blume-Capel model, the Monte Carlo algorithms to be used, and the quantities to be sampled. Section III presents simulation results at tricriticality. In Sec. IV we numerically derive the critical Ising line K = K c ͑D͒, and several percolation lines of the vacancy clusters. A brief discussion is given in Sec. V. 
II. MODEL, SIMULATIONS, AND SAMPLED QUANTITIES
The geometric description of fluctuations near a critical point is a subject with a long history. As early as in 1967, Fisher ͓26͔ introduced a phenomenological droplet model for the two-dimensional Ising model, in which "geometric clusters" consist of nearest-neighboring ͑NN͒ Ising spins of the same sign. These clusters are referred to as Ising clusters, and topological considerations imply ͓27͔ that their percolation threshold coincides with the thermal critical point in two dimensions, at least for the square lattice. This statement was further rigorously proved by Coniglio and co-workers ͓28͔. However, it can also be shown ͓27͔ that Ising clusters are too dense to correctly describe critical correlations of the Ising model.
Later, Kasteleyn and Fortuin ͓19, 20͔ showed that the critical properties of the q-state Potts model can indeed be graphically represented by the so-called random-cluster model. The Potts model includes the Ising model as a special case, q =2 ͑for a review, see Ref. ͓29͔͒, and the reduced Hamiltonian reads
͑3͒
where the sum ͗ ͘ is over all nearest-neighbor pairs, and K is the coupling constant. Then, the random-cluster model can be defined as follows. For each pair of NN spins in the same Potts state, a bond is placed with a probability p b ͑KF͒ =1
− exp͑−K͒, such that the whole lattice is decomposed into groups of sites connected via the occupied bonds. These are just the above KF clusters. The statistical weight of each bond-variable configuration is given by the partition sum of the random-cluster model as
where the sum is over all bond-variable configurations, and n b and n c are the total numbers of bonds and KF clusters, respectively. Equation ͑4͒ is called a Whitney ͓30͔ polynomial. Kasteleyn and Fortuin ͓19, 20͔ showed that the percolation threshold of the KF clusters in Eq. ͑4͒ coincides with the transition point of the Potts model ͑3͒. Further, scaling properties of KF clusters near criticality are governed by critical exponents of the Potts model ͑3͒. For instance, the fractal dimension of KF clusters at criticality is just the magnetic scaling dimension X h . In fact, one may view the partition sum ͑4͒ as a generalization of the Potts model to noninteger q. The exact mapping between the Potts model ͑3͒ and the random-cluster model ͑4͒ enabled Swendsen and Wang to develop ͓31͔ a cluster Monte Carlo method for the Potts model with integer q = 1,2,… . This method and its singlecluster version, the Wolff algorithm ͓32͔, significantly suppress the critical-slowing-down effect which is very prominent in the standard Metropolis method. Thus, these cluster algorithms have been extensively used in the field of critical phenomena and phase transitions. Recently, a Swendsen-Wang-like cluster algorithm also became available ͓33,34͔ to simulate the model ͑4͒ with noninteger q Ͼ 1.
Application of the KF mapping to the Blume-Capel model ͑1͒ leads to a random-cluster-like partition
where the bonds only occur between nonvacancies. The number of vacancies is denoted as n v , and the associated weight is w = e D . Since the KF clusters are formed only between Ising spins, no information about the clustering of the vacancies is explicitly contained in Eq. ͑5͒.
Owing to the presence of the vacancies in the BlumeCapel model, the Swendsen-Wang or Wolff cluster simulations, which only act on Ising spins, become insufficient. In this case the Metropolis method, which allows fluctuations of the vacancy density, can be used in a combination with these cluster methods. Further, for the special case D = 2 ln 2, a full-cluster simulation has also been developed ͓35-37͔ by mapping the system ͑1͒ onto a spin-1 2 model with two independent variables 1 = ± 1 and 2 = ± 1. Near tricriticality, however, no efficient cluster method is available so far to flip between vacancies and Ising spins. This problem can be partly avoided by means of the so-called geometric-cluster method ͓38͔. This algorithm was developed on the basis of spatial symmetries, such as invariance under spatial inversion and rotation operations. It moves groups of Ising spins and vacancies over the lattice in accordance with the Boltzmann distribution, so that the magnetization and the vacancy density are conserved. In the present work, we used various combinations of the Metropolis, the Wolff, and the geometric-cluster algorithm. The areas K Ͻ K t and K Ͼ K t represent the Ising critical sheet and the region of first-order phase transitions, respectively. The model reduces to the bond percolation model for K → ϱ, which has a percolation threshold BP at p b =1/2. We show in total five fixed points, I, P1, TI, GT, and BP, representing the Ising, the tricritical q = 1 Potts, the tricritical Blume-Capel, the geometric-cluster fixed point of the tricritical Blume-Capel, and the bond percolation models, respectively. Arrows show the directions of the RG flow.
In order to investigate the geometric distributions of the vacancies, we construct percolation clusters between the vacancies with a variable bond probability 0 ഛ p b ഛ 1, as described in the following. For each pair of nearest-neighbor sites occupied by vacancies, a uniformly distributed random number r is drawn, and a bond is placed if r Ͻ p b . As a result, for each configuration, all the vacancies are distributed into a number of connected clusters including single-site clusters. The size of each cluster, defined as the total number of lattice sites in the cluster, is determined and used to calculate the quantities
where the sums are over all the clusters. The parameter n i is the size of the ith geometric cluster, and N = L 2 is the volume of the system. At the percolation threshold, the scaling behavior of these two quantities is governed by an associated exponent that we call, in analogy with KF clusters, the magnetic exponent. The quantity Nl 2 corresponds to the magnetic susceptibility in systems undergoing a thermal transition. In percolation theory ͓39͔, if the largest cluster is excluded in the sum in Eq. ͑6͒, the resulting quantity Nl 2 is known as the mean cluster size, which displays a peak at criticality.
In Monte Carlo studies of phase transitions, certain dimensionless ratios ͓40͔ are known to be very helpful, particularly in the determinations of critical points. Thus, on the basis of the quantities defined in Eq. ͑6͒, we defined
A justification of the above definition of Q can be found in Ref. ͓41͔ . At criticality, the asymptotic value of Q is universal; for finite systems, the derivative of Q with respect to the bond probability p b reflects the associated renormalization exponent in the p b direction.
III. VACANCY PERCOLATION AT TRICRITICALITY
For simplicity, we chose the Blume-Capel model on the square lattice, of which the tricritical point was located at K t = 1.64͑1͒ , D t = 3.22͑2͒ ͓42͔. By means of a sparse transfer matrix technique, the tricritical point has been refined ͓43͔ as K t = 1.643 175 9͑1͒ , D t = 3.230 179 7͑2͒, and the vacancy density as t = 0.454 950 6͑2͒. The precision is considered to be sufficient for our present investigation.
We simulated the tricritical Blume-Capel model with periodic boundary conditions. Instead of the grand ensemble in the ͑K , D͒ plane, we used the canonical ensemble by fixing the total number of vacancies at the tricritical value L 2 t , where L is the linear system size. In other words, an external constraint was imposed on the model. We performed simulations of such constrained systems by a combination of the Wolff and the geometric cluster algorithm, as explained above. The scaling behavior of physical quantities at or near the tricritical point has been reported ͓44,45͔ for the BlumeCapel model in both two and three dimensions. It was observed ͓44,45͔ that the tricritical behavior of energylike quantities is significantly modified by the above constraint, as predicted by the Fisher renormalization mechanism ͓46͔. In particular, the constrained specific heat at tricriticality assumes only a finite value instead of being divergent as L → ϱ. Nevertheless, the constraint does not change the universality class and the leading magnetic singularities, and thus our present investigation will not be qualitatively affected by the constraint.
An advantage of the above cluster simulations of constrained systems is that they hardly suffer from critical slowing down, so that the simulation of reasonably large systems requires only modest computer resources. Between subsequent samples, a Swendsen-Wang-like procedure, which decomposes the sites occupied by vacancies into percolation clusters, was performed with bond probability p b . On this basis, we sampled the size of the largest cluster l 1 , the second and the fourth moments of the vacancy-cluster sizes l 2 and l 4 , and the dimensionless ratio Q, defined in Sec. II.
We mention that, however, the total number of vacancies at tricriticality V t ϵ L 2 t is generally not an integer for finite systems, so that the actual simulations took place at V − = ͓V t ͔ = ͓ t L 2 ͔ and V + = ͓V t ͔ + 1, where the square brackets ͓ ͔ denote the integer part of the number inside. For a sampled quantity A, its tricritical value A t is obtained by a linear interpolation as A t = xA + + ͑1−x͒A − , with x = V t − V − ; the statistical error margin of A t is estimated as ␦A t
A. Percolation threshold
As mentioned above, the universal ratio Q is very useful in numerical determinations of critical points. When a physical parameter, such as the bond probability p b , is varied, the occurrence of a critical point is normally accompanied by an intersection between the Q data lines for different system sizes L. More generally, such intersections correspond to fixed points in the context of renormalization group ͑RG͒ theory. The fixed points can still be relevant or irrelevant. If it is relevant, the slope of the Q data lines increases with L, and this increase is governed by the scaling exponent associated with the parameter that is varied. As a consequence, the slope at criticality diverges for L → ϱ.
We simulated 14 system sizes in the range 8 ഛ L ഛ 200; about 3 ϫ 10 8 samples were taken for each system size. Each sample was preceded by about L / 5 Wolff-and L /3 geometric-cluster flips. Part of the Q data is shown in Fig. 3 . The rather clean intersection implies a percolation threshold near p b = 0.71. In order to locate the transition and determine the associated renormalization exponent in the p b direction, we fitted the Q data according to the least-squares criterion by
where the terms with amplitude b l account for various finite-size corrections. This equation follows from an expansion of the finite-size scaling formula for Q, as given, e.g., in Ref.
͓37͔. Following the work in Ref. ͓23͔, we have used the superscript ͑g͒ to denote quantities concerning geometric clusters. Since the leading irrelevant thermal scaling field in the universality class of the tricritical Ising model has an exponent y i = −1, we simply set y l =−l with l =1, 2, 3, and 4. The term with coefficient n reflects the nonlinear dependence of the scaling field on the bond probability p b , and the one with c describes the mixed effect of the relevant and irrelevant scaling fields. The terms with amplitudes r 0 , r 1 , r 2 , and r 3 arise from the analytic part of the free energy, and the exponent y a is equal to 2X f − 2 where X f is the fractal scaling dimension for the percolation clusters at p bc ͑g͒ . As will be determined later, the value is X f = 0.1308͑6͒Ϸ21/ 160, so that we fixed the exponent y a at −139/ 80. From satisfactory fits, as judged from the residual 2 compared with the number of degrees of freedom, we obtain p bc ͑g͒ = 0.7063͑1͒, Q c = 0.7606͑6͒, and y p = 0.4255͑15͒. We also fitted the data for the second moment of the cluster sizes l 2 by
͑9͒
We obtain p bc ͑g͒ = 0.706 25͑14͒, a 0 = 0.2114͑3͒, y p = 0.4232͑16͒, and X f = 0.1308͑6͒. The results for the critical point p bc ͑g͒ and the exponent y p are in good agreement with those obtained from the ratio Q. As an illustration, part of the data for l 2 is shown in Fig. 4 as l 2 L 21/80 versus the bond probability p, where a justification for the number 21/ 80 will be given later. As expected, the quantity l 2 L 21/80 , though nonuniversal, also displays a clean intersection near p c . We fixed the bond probability at p b = 1 such that the percolation game reduces to correlated site percolation between vacancies. Again, we simulated at the tricritical point with a fixed number of vacancies. The system sizes took 19 numbers in the range 8 ഛ L ഛ 600. The numbers of samples per system size are about 6 ϫ 10 7 for L ഛ 160, 3 ϫ 10 7 for 160 Ͻ L ഛ 240, and 1.5ϫ 10 7 for L Ͼ 240. The data for the ratio Q and the quantity l 2 are shown in Table III . We fitted the Q data by
where the existence of the finite-size exponents −1, −2, and −3 has been explained earlier. In addition, we include a term with an unknown exponent y vi , in which the subscript vi refers to an irrelevant correction in the percolation between vacancies. Satisfactory fits were obtained including system sizes down to L = 12. We obtain Q c = 0.9808͑1͒ , y vi = 0.45͑2͒Ϸ−19/ 40, and the amplitude b 1 = −0.041͑1͒. Despite being close to 1, it is still clear that Q c is not equal to 1. This indicates that strong critical correlations remain in the percolation clusters between vacancies for p b = 1. The fit of Q is illustrated in Fig. 5 . The approximate linearity for large L shows that the leading finite-size correction indeed has an exponent near the aforementioned value y vi = −19/ 40. On the basis of the above fit for Q, we conclude that the asymptotic value of l 2 for L → ϱ vanishes. Accordingly, we fitted the l 2 data by
where the term with amplitude r 0 arises from the analytic part of the free energy, and the exponent was fixed at −19/ 40. We obtain X f = 0.0750͑1͒, which agrees with the magnetic scaling dimension X h = 3 / 40, describing the scaling of the magnetization in the two-dimensional tricritical Ising In short, we show that, in addition to the fluctuations of the vacancy density , the geometric properties of the vacancy clusters at tricriticality also display singular behavior. The tricritical scaling behavior of is governed by the thermal exponents which are y t1 =9/5 and y t2 =4/5 for the tricritical Ising model. The question then arises of the exact values of renormalization exponents concerning critical properties of the vacancy clusters. Some insight can be provided by comparing our numerical results with the Kac sion X f = X 2,2 = 3 / 40, and the associated correction-to-scaling exponent is y vi = −19/ 40. These similarities may seem striking, because the vacancy density and the magnetization m are of a different nature: they are energylike and magnetic quantities, respectively.
IV. GENERAL PHASE DIAGRAM
In addition to the tricritical point ͑K t , D t ͒, we are also interested in the general phase transitions in the plane ͑K , D͒ or ͑K , ͒. that critical percolation correlations do not occur for D Ӷ 0. A sparse transfer matrix technique was applied ͓43͔ to find the critical point at K =1 as D c = 1.702 717 8͑2͒; the corresponding vacancy density is c = 0.349 583 0͑2͒. This critical point is significantly far from the tricritical point ͑K t , D t ͒, and thus crossover phenomena are absent. We have Monte Carlo simulated this critical point and constructed vacancy clusters with bond probability p b = 1. Precisely at the critical point K c =1, D c = 1.702 717 8͑2͒, we observe that, for L → ϱ, the dimensionless ratio Q͑L͒ approaches the Gaussian value 1 / 3, and the second moment of the cluster sizes l 2 vanishes rapidly. This describes the situation that the vacancy clusters remain finite at the critical point. Similar phenomena were observed for other critical points.
Nevertheless, for the Blume-Capel model with finite couplings K, the vacancy clusters with bond probability p b =1 must percolate if the chemical potential D is sufficiently enhanced-i.e., there are sufficient vacancies on the square lattice. An example is the case K = 0, where the present percolation problem reduces to the conventional uncorrelated site percolation model for the vacancies. For this case, the site percolation threshold is not exactly known, but has been numerically determined ͓47,48͔ with a considerable precision as on the square lattice. 
A. Ising critical line
Along the critical line K c ͑D͒, we determined critical points for 12 uniformly distributed values of the couplings K in the range 0.4ഛ K ഛ 1.5. The grand ensemble of the Blume-Capel model was simulated by means of a combination of the standard Metropolis sweeps and Wolff-cluster steps. For most values of the above couplings, no severe critical slowing down was observed although it must be present near the tricritical point. The determination of the critical points also used a dimensionless ratio, which is here defined as Q = ͗m 2 ͘ 2 / ͗m 4 ͘. For the two-dimensional universality class, the asymptotic value of the ratio Q for L → ϱ has been determined as Q c = 0.856 215 7͑5͒ ͓49͔. From the exact expression of the two-and four-point correlation functions on the basis of conformal field theory, the value of Q c has also been numerically evaluated ͓50-52͔ as Q c = 0.856 221͑4͒.
The Q data were fitted by Eq. ͑8͒, in which the parameters p and y p are replaced by D and y t = 1, respectively. The finite-size-correction exponents were taken as follows. The irrelevant scaling exponent is y 1 = y i = −2 in the twodimensional Ising universality class. The exponent y 2 was set at y t −2y h = −11/ 4. Such corrections arise from the nonlinear dependence of the temperature scaling field on the magnetic field. The exponents y 3 and y 4 were simply fixed at −4 and −5, respectively. The terms with y 3 and y 4 were not included in most of the fits of the Q data, because the fits did not give clear evidence for the presence of these terms. The exponent y a from the analytic contribution is equal to d −2y h =−7/4. During the fits, the value Q c was fixed at 0.856 215 7͑5͒, and the results are shown in Table IV. The vacancy density is an energylike quantity, and its scaling behavior near criticality can be obtained by differentiating the free energy with respect to the thermal field, which leads to where the terms with v i ͑for i = 0,1,2,3͒ account for the analytic contributions. The thermal scaling dimension is fixed at X t = 1, and the results are also listed in Table IV .
B. Percolation line with p b =1
Except for the tricritical point ͑K t , D t ͒, the percolation threshold for the vacancy clusters with p b = 1 occurs in the paramagnetic region of the Blume-Capel model, as discussed above. Thus, it must be in the universality class of conventional percolation in two dimensions, which has thermal and magnetic exponents y t =3/4 and y h =91/48 ͓39͔, respectively. The universal ratio Q, defined in Eq. ͑7͒, has been determined ͓41͔ as Q c = 0.870 53͑2͒ from the conventional uncorrelated bond percolation model on the square lattice, of which the percolation threshold is exactly known as p c =1/2 ͓29,39͔. An example of the Q data is given in Fig. 7 for the case K = 0.4. Following the fits for the Ising critical line D c ͑K͒, the data for Q were also fitted by Eq. ͑8͒ with y p = y t =3/4 and y a =2−2y h = −43/ 24. The results for D c ͑K͒ were shown in Table IV .
Since the percolation line D c ͑K͒ lies in the paramagnetic region, the vacancy density is an analytic function of the couplings K and the chemical potential D. This is reflected by Fig. 8 , where the data for different system sizes almost collapse into a single line. Thus, for each given coupling constant K, we fitted the data by
͑13͒
The unknown parameter represents the correlation length between vacancies, which is finite in the paramagnetic region even for L → ϱ. Accordingly, the corrections to scaling appear in an exponential form in Eq. ͑13͒. Apparently, the fits of ͑D , L͒ by Eq. ͑13͒ cannot be used to determine the percolation threshold D c . Thus, the values of D c were taken from those obtained from the Q data. The results for c were shown in Table IV We have seen in Sec. II that vacancy clusters with bond probability p b = 0.7063 percolate at the tricritical point. In the limit K = 0 and D → ϱ, where the whole square lattice is occupied by the vacancies, the clusters already percolate at p b =1/2. Thus, for K = 0, the mixed site-bond percolation with p b = 0.7063 must also have a transition in the physical region, i.e., ഛ 1. This statement may be expected to hold for a range of nonzero couplings K.
We simulated the Blume-Capel model in the plane ͑K , D͒ and constructed vacancy clusters with bond probability p = 0.7063. The determination of the associated percolation line also makes use of the universal ratio Q defined in Eq. ͑7͒, and the finite-size analysis of the Monte Carlo data follows the same procedure as that for the case p b = 1. We skip the description of the detailed fitting procedures, and list the results in Table V .
On the basis of Tables IV and V, we sketch the general phase diagram for the Blume-Capel model in Figs. 9 and 10, which apply to the parameter planes ͑K , D͒ and ͑K , ͒, respectively. It is rather interesting to see that the tricritical point ͑K t , D t ͒ indeed serves as a joint point for the line of Ising critical transitions, the site percolation line ͑p b =1͒, and the percolation line with p b = 0.7063. In fact, all the percolation lines with bond probabilities 0.7063ഛ p b ഛ 1 will end at the tricritical point. If one were to investigate the percolation model at the unphysical bond probability p b Ͼ 1 ͑this is, for instance, possible by means of a transfer-matrix technique͒, it is very plausible that there exist a range p b Ͼ 1 for which the percolation lines still end at the tricritical point ͑K t , D t ͒.
For the limit D c → ϱ, the percolation problem between vacancies reduces to the conventional bond percolation problem, and the percolation threshold occurs at bond probability p b =1/2. This holds for all finite couplings K, as shown by the vertical line at vacancy density = 1 in Fig. 10 .
D. Line of first-order transitions
For completeness, we also derive the line of first-order phase transitions of the Blume-Capel model for couplings Fig. 10 . At zero temperature K → ϱ, the lattice is fully occupied either by the vacancies, by −1 Ising spins, or by +1 spins. This transition occurs at K c / D c =1/2. For K t Ͻ K Ͻϱ, we determined the transition points by means of the cluster-variation method developed by Kikuchi ͓53-55͔. This method is a generalization of the mean-field approximation, and has been extensively applied in calculations of phase diagrams in the field of material science ͓56,57͔. In the mean-field theory, every spin on the lattice interacts equivalently with all other spins. As a result, for the Ising model, the configurational entropy per spin can be simply written as
͑14͒
Here, the parameters x + and x − are the densities of the +1 and the −1 spins, respectively, and m = x + − x − is the magnetization density. In Eq. ͑14͒, the entropy contributions from pair and multiple-point correlations are ignored. Naturally, a better approximation of the entropy S can be achieved by taking into consideration a cluster consisting of n spins. If the cluster is truncated at n = 2, i.e., only the one-and two-point correlations are included, the corresponding cluster variation method is generally referred to as the Bethe analysis. A systematic method to derive entropy expression for a cluster containing more than two spins has also been developed. In the present work, we used the square-cluster ͑n =4͒ approximation, of which the entropy formula can be found in Ref.
͓55͔.
Although the nature of the cluster variation method is such that all critical exponents for continuous phase transitions are classical, reasonably accurate values for the critical temperature can be obtained with a limited computational effort. As a test, we fixed the coupling at K = K t , the cluster variation method yields then the tricritical point as D t = 3.233, which agrees with the transfer-matrix result D t = 3.230 179 7͑2͒ up to the third decimal place. Since the correlations at tricriticality are long ranged while those along the first-order transition line are short ranged, we would expect that the results from the square-cluster approximation of the cluster variation method are at least reliable up to the third decimal place. The results are shown in Table VI .
V. DISCUSSION
We investigate the geometric distributions of the vacancies in the two-dimensional Blume-Capel model. At the tricritical point ͑K t , D t ͒, critical clustering phenomena are observed for percolation clusters between vacancies, while such phenomena are absent along the critical line D c ͑K͒ Ͻ D t .
At tricriticality, the percolation clusters of vacancies and those of Ising spins of the same sign are closely analogous, as reflected by the fractal dimensions of both types of clusters. At the random-cluster fixed point p b =1−exp͑−2K͒, the scaling of the Ising-spin clusters is well understood because of the exact mapping between the Potts model and the random-cluster model. Such a mapping has so far not been found for percolation clusters between the vacancies. Nevertheless, it is still possible to partly explain the similarity of the Ising-spin and the vacancy clusters at tricriticality. Just as for the vacancy, the nearest-neighbor spin product t ij = s i s j is also an energylike variable. It is clear that the Ising-spin clusters are closely related to those similarly defined for the product variable t ij . According to universality, clusters of different sorts of energy variables may well have the same scaling dimension.
Along the Ising critical line, however, the vacancy clusters remain finite, although the vacancy density still displays critical fluctuations. At criticality, the vacancies are, just like the energy density, more or less uniformly distributed over the lattice. In order to demonstrate this point, two typical configurations of the Blume-Capel model are shown in Fig. 11 and 12 for the critical and tricritical systems, respectively.
From a comparison of our numerical results and the Kac formula ͑see Table II͒ for the tricritical Ising model, exact values of critical exponents describing critical singularities of the vacancy clusters can be obtained. These exact values can be considered as conjectures, which relate the scaling dimension of the vacancy clusters to the numbers in the Kac table.
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